Introduction and background
Future NASA exoplanet imaging mission concepts, such as HabEx (Mennesson et al., 2016) and LUVIOR (Bolcar et al., 2015) , would have su ciently large apertures (4m-16m) to enable direct spectroscopic analysis of light from a variety of substellar objects ranging from gas giants to habitable rocky planets, drastically improving our understanding of planetary formation and potentially leading to the rst unambiguous detection of signs-of-life on another world. However, such observations pose a formidable technical challenge owing to the extremely high brightness contrast and small angular separation between a planet and its host star. The HabEx and LUVIOR space telescopes would therefore require imaging instruments capable of precisely rejecting light from the bright parent star while also maintain high sensitivity to the precious few planet photons. Coronagraphs are designed to accomplish this through ne control of the optical wavefront and suppression of unwanted stellar radiation that otherwise overwhelms the weak planet signal.
For structural reasons, the primary mirror of large telescopes tend to have various discontinuities, such as a secondary mirror, spider support structures, and gaps between mirror segments, which limit the performance and drive the complexity of conventional coronagraph designs. The optical system needs to be specially tailored to each telescope aperture shape in order to compensate for the complicated stellar di raction patterns that contaminate the eld of view.
The Segmented Coronagraph Design and Analysis (SCDA) study is a coordinated e ort to develop highly e cient optical design concepts that passively reject starlight on realistic segmented aperture telescopes. The apertures considered by SCDA are shown in Fig. 1 . Several segment shapes are represented, including piewedges (pie8 and pie12), keystones (key24), and hexagons (hex1, hex2, hex3, and hex4). In each case, we compare performance of on-and o -axis designs; i.e. with and without a central obscuration and spider support structures.
The main coronagraph architectures studied by the SCDA teams are the apodized vortex coronagraph, hybrid Lyot coronagraph (HLC), apodized pupil Lyot coronagraph (APLC), and phase induced amplitude apodized complex mask coronagraph (PIAACMC). This document provides an overview of a promising family of apodized vortex coronagraph designs.
3 Vortex coronagraphs for segmented aperture space telescopes A high-contrast imaging coronagraph instrument is usually made up of a wavefront control unit with one or two deformable mirrors (DMs) and a series of coronagraphic masks arranged between powered optics. Fig. 2 shows an example system with two DMs, a pupil plane apodizer A, a focal plane mask Ω, and a Lyot stop Θ in the downstream pupil. The jointly optimized masks in a coronagraph manipulate the amplitude and phase of the incoming beam to passively suppress starlight while maintaining maximal planet throughput.
Several coronagraph throughput de nitions may be found in the literature. In this work, we use two measures: the total energy throughput (i.e. the fraction of energy from a point source that transmits through the Lyot stop) and the fraction of energy within 0.7λ/D of the source position. The latter de nition is the relevant quantity for detecting point sources in noisy images using aperture photometry, as is the case in common post-processing approaches for exoplanet detection. We note however that this may be a conservative estimate for the e ective throughput since advanced matched-ltering and local deconvolution techniques can theoretically make use of the planet light outside of the PSF core.
The vortex coronagraph (VC; Mawet et al., 2005) has a focal plane mask with complex transmittance exp(ilφ), where l is an even, nonzero integer known as the charge and φ is the azimuthal angle, which acts to relocate starlight outside of a downstream Lyot stop. The VC has been demonstrated to provide high sensitivity to planets at small angular separations (Serabyn et al., 2010) . However, complicated aperture shapes limit the performance of the conventional VCs (Mawet et al., 2010) and thereby drive the complexity of the optical design (Mawet et al., 2011 (Mawet et al., , 2013 Carlotti et al., 2014; Ruane et al., 2015a,b) and/or requirements for wavefront control (Pueyo and Norman, 2013; Mazoyer et al., 2015) . Here, we present an approach to overcome this technical challenge in the case of segmented aperture space telescopes by introducing optimized gray-scale pupil apodizers that provide polychromatic (∆λ/λ ≥ 0.1) suppression of di racted starlight, at angular separations < 10λ/D, potentially down to the 10 −10 level on a segmented aperture telescope (Ruane et al., 2016) . We simulate the performance for imaging stars of nite size and in the presence of aberrations, including low-order Zernike phase modes in the entrance pupil and pupil eld distortions induced in the coronagraph (modeled as a shifted or magni ed Lyot stop).
Optimization algorithm: Auxiliary eld optimization
We use an iterative numerical method, known as Auxiliary Field Optimization (Jewell et al., 2017) , to determine the optimal coronagraph design that e ciently minimizes starlight at the nal image plane by use of a gray-scale semi-transparent pupil mask.
The problem to nd a the optimal gray-scale apodizer is written as
where Q is a matrix that represents the desired "dark hole" region in the image plane, C is the coronagraph operator that propagates the eld from the apodizer plane to the nal image plane, P is the original telescope pupil function, A is the apodizer function, and w is the so-called auxiliary eld in the apodizer plane which strikes a balance (as regulated by the weight b) between the eld needed to generate a zero-valued dark hole and the physical eld in the apodizer plane. Assuming the pupil and focal planes are related by Fourier transform propagation operators F , the coronagraph operator may be written C = F ΘF −1 ΩF ,
where Ω and Θ represent the focal plane mask and Lyot stop transmittance, respectively. The auxiliary eld w is calculated by
To reduce computation time, the dimensionality of the inverted (square) matrix is reduced from the number of samples in the pupil plane to the number of samples in the dark hole region, by use of the Woodbury matrix identity:
Since w may be a complex function with in nite support, the physical apodizer is taken to be A = |w| and A is thresholded such that samples where A > 1 are set to one and non-zero values outside of the original telescope pupil P support are set to zero. A new auxiliary eld is calculated based on the updated pupil eld, and the process is repeated. The matrix CC † is calculated once for each choice of focal plane mask and Lyot stop as follows:
Since the focal plane mask has phase-only transmittance (i.e. |Ω| 2 = I), this matrix simpli es to CC † = F |Θ| 2 F −1 and only depends on the squared modulus of Lyot stop function.
The solutions for gray-scale apodizers are calculated for a single wavelength. Theoretically, since the focal plane mask has no radial features and the coronagraph masks reside in pupil and focal planes, the monochromatic result applies to all wavelengths. These assumptions are valid over a bandpass where achromatic apodizers and phase masks may be fabricated to high delity.
The coronagraph optimization procedure typically creates a dark hole in the light from the star at the cost of planet throughput. In order to balance the cost of throughput losses, we adopt performance metrics outlined in section 3.3.1.
Apodized vortex coronagraph designs
Vortex coronagraph designs that make use of gray-scale, apodizing pupil masks to compensate for di raction owing to mirror segmentation are shown in Figs. 3 and 4 for obscured and unobscured apertures, respectively. The rst column is the eld magnitude incident on the apodizer in each case. The second, third, and fourth columns show the optimized apodization function for charge 4, 6, and 8 coronagraphs. The nal column is the corresponding Lyot stop. Each apodization function is optimized to generate a dark hole in the stellar eld in annulus from angular coordinate 3λ/D to 10λ/D. Additionally, in the case of unobscured apertures, the apodizers are also compatible with higher charge focal plane masks.
The solutions for the annular pupils are akin to those theorized by Mawet et al. (2013) and Fogarty et al. (2017) . However, the auxiliary eld optimization approach allows us to generate apodizers for arbitrary pupils, for the rst time, that would otherwise be too di cult to describe analytically. In all cases, the Lyot stops are chosen to be an annuli based on prior knowledge of the properties of apodized vortex coronagraphs for simpler apertures. The inner and outer radii of the Lyot stops are indicated in Table 1 and in the case of unobscured apertures, the inner radii are set to zero.
The apodizers for the hex apertures clip the outer regions of the original pupil to create a circular boundary. The outer circle is chosen to be the largest circle that ts inside the pupil and the inner Lyot stop radius is tuned to nd the optimal trade o between starlight suppression and coronagraph throughput. Each apodizer is designed to suppress the starlight to the ∼ 10 −10 level within a radius of 10λ/D about the star. In practice, the outer radius of the dark hole will limited by the maximum spatial frequency represented to high precision in the fabricated masks. The simulated performance of these designs is discussed further in section 3.3.
Performance

Performance metrics
We adopt two metrics for quantifying the performance of the coronagraph designs. The rst is based on nding the design parameters that minimize the estimated exposure time for a typical observation.
In the stellar photon noise limited regime, the exposure time scales as η s /η 2 p , where η s is the starlight suppression level and η p is the coronagraph throughput (Ruane et al., 2016 (Ruane et al., , 2017 . Therefore, we de ne our rst performance metric as
where I avg is the mean irradiance in the dark hole and η c is the relative PSF core throughput of the coronagraph (i.e. energy within 0.7λ/D, normalized by the energy in the core of the telescope PSF).
The second metric is based on ExoEarth yield analyses developed by Stark et al. (2014 Stark et al. ( , 2015 . Here, the exoEarth candidate yield is de ned as the number of earth-like planets detected in V-band to signal-tonoise ratio (SNR) of 7 within 1 year of total integration time. The simulated mission images the nearest main sequence and sub-giant stars in the Hipparcos catalog, 10% of which are assumed to host earth-like planets and each have 3 zodis of dust. A detection limit is set such that the signal from the planet must be greater than 10% of the stellar signal.
The optimal coronagraph minimizes M and maximizes the exoEarth candidate yield. The goal of this work is the estimate these performance metrics for each coronagraph, in the presence of a star of nite size and low order aberrations, in order to nd optimal combinations of aperture shapes and coronagraph designs.
Ideal starlight suppression
Figures 5 and 6 show the residual stellar irradiance in the image plane after the coronagraph as a function of radial position in angular coordinates, for obscured and unobscured apertures, respectively. Two scenarios are included where the diameter of the star subtends 1% and 10% of λ/D, which for a 12 m space telescope roughly correspond to sun-like stars at 100 pc and 10 pc. We nd that the vortex coronagraphs designed for unobscured apertures are generally more robust to the partial resolution of the star. However, there are some exceptions, including the case of a unobscured hex4, which we nd leads to unusually high sensitivity with respect to other designs without the central obscuration. The best performance is achieved by charge 6 and 8 with an unobstructed circular aperture.
The performance for a given stellar angular size is theoretically equivalent to the performance in the presence of jitter with amplitude on the order of the angular radius of the star. Therefore, the results are also representative of the e ect of tip-tilt jitter with o sets on the order of 0.5% and 5% of λ/D (or roughly 0.3% and 3% of λ/D rms).
Coronagraph throughput
The throughput performance of each coronagraph design for obscured and unobscured apertures are shown in Figs. 7 and 8, respectively. As explained above, we use two measures: the total energy throughput (i.e. the fraction of energy from a point source that transmits through the Lyot stop) and the fraction of energy within 0.7λ/D of the source position.
Vortex coronagraphs have the unique property that planet signal is maintained at small angular separations (down to ∼ 2 λ/D). In all cases, the throughput gradually increases from a few λ/D outward. The highest throughput is achieved with unobscured designs, mostly owing to the increased transmitting area of the Lyot stop and encircled energy in the PSF core. A circular pupil o ers the best throughput, followed by pie8, pie12, and key24 unobscured apertures. Using an obstructed aperture leads to a factor of ∼2 loss (see e.g. circle vs. annulus). This is one of the primary reasons to avoid a central obscuration for obtaining the best performance with vortex coronagraphs. By most measures, the overall performance of a high-contrast imaging instrument depends strongly on the coronagraph throughput.
Sensitivity to low order aberrations
A major concern for high-contrast imaging with future space telescopes is that low order aberrations arise as a result of thermal changes, mechanical exing, and polarization aberrations. The sensitivity of a vortex coronagraph with a circular pupil to such aberrations is well understood analytically (see e.g. Ruane et al., 2015a Ruane et al., , 2017 . Speci cally, a vortex coronagraph of charge l is insensitive to Zernike phase modes Z m n to rst order (i.e. assuming exp(iZ m n ) ≈ 1 + iZ m n ) if l is even and |l| > n + |m|. The minimum charge needed to su ciently reject the lowest order Zernike modes are listed in Table 2 . The sensitivity of each numerically optimized coronagraph design to low-order Zernike aberrations is shown in Figs. 9-12. The obscured aperture cases are in Figs. 9-10 and the unobscured apertures in Figs. 11-12. The case of a circular pupil ( Fig. 11a ) con rms the theoretical description above. This trend is also generally followed by the unobscured apertures. However, the obscured pupils tend to be more sensitive to aberrations and deviate from the conventional understanding of vortex coronagraph sensitivities.
Sensitivity to Lyot stop alignment
The apodizers presented here are designed assuming the Lyot stop is in a speci c position. Shifting the Lyot stop laterally leads to degradation of the starlight suppression level. Figures 13 and 14 show the mean irradiance level in the dark hole as the Lyot stop is shifted horizontally, for obscured and unobscured apertures, respectively. The alignment tolerance ranges from ∼0.01% to ∼0.1% for the obscured apertures and from 0.02% to 1% for the unobscured apertures.
Sensitivity to coronagraph pupil magni cation
Another major concern is that the relative size of the coronagraph exit pupil ( eld in the plane of the Lyot stop) and the Lyot stop must remain xed with respect to one another. Any pupil distortions in the system may lead to degraded performance. To quantify this, we calculated the mean irradiance level in the dark hole as the Lyot stop is magni ed and the results are shown in Figs. 15 and 16 for obscured and unobscured apertures, respectively. The tolerance can range from a few percent in the best cases to <0.01% in the worst cases.
Performance comparison tables
In order to compare the overall performance and robustness of each of the designs presented above, we have compiled tables of values for the metrics described in section 3.3.1. Tables 3 and 4 show the relative integration time for an exoplanet detection M with respect to an idealized coronagraph with I avg = 10 −10 and 100% throughput. Each table also includes the mean of the performance metric for a stellar angular diameter 1% λ/D and defocus, astigmatism, and coma aberrations, which is representative of realistic performance on future space telescopes. Table 5 shows the exoEarth candidate yield estimates for an ideal telescope with negligible wavefront errors. These values are meant to be interpreted as the theoretical maximum yield taking into account the ux from the planet, the coronagraph throughput, and the leaked starlight owing to the angular size of nearby stars.
Discussion
The optimal aperture for vortex coronagraphs, by all measures, is an unobstructed circle. The pie8, pie12, and key24 segmentation patterns typically lead to slightly better coronagraph performance than hex apertures. The charge 6 versions are found to be optimal in the presence of jitter and low order aberrations. Designs for unobstructed apertures outperform those with a central obscuration in most cases, regardless of aperture segmentation pattern.
The yield estimates will be drastically degraded in cases where the M metric are 1l i.e. once realistic simulations of telescope aberrations are included. On the other hand, with M ∼ 1, the coronagraph is expected to relatively robust to aberrations. Since charge 4 vortex coronagraphs are the particularly sensitive to the expected aberrations, the yields for o -axis telescopes with charge 6 vortex coronagraphs are expected to be the highest in practice. However, future instruments may optimize yield by carrying more than one vortex mask to tailor the coronagraph sensitivities for each observation based on the wavefront stability and/or angular size of the host star. Stark et al. (2015) nd that the yield depends roughly on D 2 . If an obstructed design allows for a larger aperture, than the overall yield will likely be greater with a larger telescope, even with the slightly degraded coronagraph performance.
Improving upon current designs
Several avenues to improved designs will be pursued to enhance the performance and robustness of our current designs, especially for more challenging apertures.
• Apodization using deformable mirrors rather than a gray scale mask will be explored to improve the coronagraph throughput. Our initial simulations suggest that throughput gains are possible with DM-based complex apodization. A detailed analysis of this approach in underway.
• Robustness to nite stellar size and low order aberrations will be improved by modifying the optimization to algorithm to build in insensitivity to a given set of pupil modes, including various tilts and Zernike polynomials.
• Lyot stop alignment tolerance will be relaxed by creating regions of zero-valued eld in the plane of the Lyot stop. The unobstructed circular pupil, for example, may be easily made less sensitive to alignment by reducing the size of the Lyot stop because there is an area of zero eld extending throughout the geometric image of the pupil in the plane of the Lyot stop. By the same principle, reducing the intensity near the edges of the Lyot stop may provide a more robust solution.
Conclusions and outlook
We have presented a family of apodized vortex coronagraph designs that potentially provide the highcontrast imaging performance needed to directly detect and characterize exoplanets with future segmented aperture space telescopes.
The gray-scale family of designs has the attractive property that the masks suppress starlight without relying on the DMs. Therefore, the usable range of DM surface height, or stroke, may be solely dedicated to compensating for surface errors on the upstream optical surfaces in a closed loop wavefront control scheme. The apodizers are designed to provide most of the amplitude modi cations needed to suppress starlight.
The minimum amount of residual starlight present in the dark hole will ultimately depend on the level of wavefront error present in the optical system and manufacturing quality of the coronagraph masks. The extent to which corrections must be applied by the DMs in closed loop to restore the dark hole will be explored in future work. The e ect of manufacturing errors will also be incorporated in the design phase. The throughput, however, is not as sensitive to small errors and is expected to maintain the behavior shown in Figs. 7 and 8 in practical scenarios. Mean irradiance in dark hole charge 4 charge 6 charge 8 Figure 13 : Mean irradiance in the dark hole (normalized to the peak of the telescope PSF) as a function of Lyot stop position. The green region shows the range over which 10 −9 is maintained and the annotated number is the region's width (i.e. roughly twice the alignment tolerance). Mean irradiance in dark hole charge 4 charge 6 charge 8 Figure 14 : Mean irradiance in the dark hole (normalized to the peak of the telescope PSF) as a function of Lyot stop position. The green region shows the range over which 10 −9 is maintained and the annotated number is the region's width (i.e. roughly twice the alignment tolerance). Mean irradiance in dark hole charge 4 charge 6 charge 8 Figure 15 : Mean irradiance in the dark hole (normalized to the peak of the telescope PSF) as a function of Lyot stop magni cation. The green region shows the range over which 10 −9 is maintained and the annotated number is the region's width (i.e. roughly twice the alignment tolerance). Mean irradiance in dark hole charge 4 charge 6 charge 8 Figure 16 : Mean irradiance in the dark hole (normalized to the peak of the telescope PSF) as a function of Lyot stop magni cation. The green region shows the range over which 10 −9 is maintained and the annotated number is the region's width (i.e. roughly twice the alignment tolerance). 
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